We investigate quantum properties of light in optical parametric oscillators (OPOs) based on fourwave mixing gain in media with third-order non-linearities. In spite of other competing χ (3) effects, such as phase modulation, bipartite and tripartite entanglement are predicted above threshold. These findings are relevant for recent implementations of CMOS-compatible on-chip OPOs.
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Optical Parametric Oscillators (OPOs) are ubiquitous sources of non-classical light. Typically, they are based on parametric down conversion (PDC) inside a cavity, a second-order non-linear process in which pairs of (signal and idler) photons are created upon annihilation of incident pump photons. Owing to energy conservation and phase matching, signal and idler fields have strong intensity correlations and phase anti-correlations, resulting in EPR-like entangled states [1] . Entanglement is a coveted resource in quantum information science and the OPO has been a driver for many advances, such as the deterministic teleportation of coherent states [2] , the generation of multicolor entanglement [3, 4] with potential use for quantum networks [5] , and the generation of continuous-variable (CV) cluster states in the time domain [6] as well as in the frequency domain [7] . The CV entangled states are deterministically generated at a rate which is limited by the OPO cavity bandwidth.
Recent progress in silicon photonics technologies opened up a new avenue for on-chip CV quantum information. The ultra-small footprint of these devices entails large cavity bandwidths and thus high repetition rates for quantum communications applications. Indeed, silicon based micro-cavities have high quality factors (Q 10 6 ), are CMOS-compatible, and are also easily connected to commercial fibers. However, second-order non-linearities are precluded by the material's symmetry properties and the strongest non-linearities are of the third order. Fourwave mixing (FWM) can replace PDC as a source of pairs of signal and idler photons, upon annihilation of pairs of pump photons. Several experiments on quantum states of light have been performed using FWM, such as the first experimental demonstration of squeezed states [8] , and more recently the generation of CV entangled states [9] among others. Quantum properties of these on-chip devices have started to be tested and the first experimental generation of squeezed states was recently reported [10] . The generation of frequency combs in this platform [11] also opens the possibility to have a scalable generator of cluster states for applications to CV one way quantum information [12] .
In this Letter, we present a theoretical analysis of χ
OPOs, operating above-threshold, with parameters chosen according to current experiments. When limiting operation to the excitation of only three cavity modes, we predict bipartite and tripartite entanglement, even when including intensity dependent phase modulation effects which are of the same order of the relevant FWM process.
The three cavity modes, named pump, signal and idler, have resonant frequencies ω p , ω s , and ω i , respectively. The field in each mode is described by a corresponding annihilation operatorâ. The Hamiltonian, in the rotating wave approximation, is given bŷ
where the free HamiltonianĤ 0 is given bŷ
Owing to the dispersion in the cavity, resulting from the geometry and the material dispersion, the mode resonances are not, in general, equally spaced. We define the parameter D 3 = 2ω p −ω s −ω i to quantify this dispersion. This quantity can be easily engineered in the context of silicon (or silicon-nitride) based ring micro cavities by modifying the radius and/or the transversal shape of the ring.
The nonlinear interaction HamiltonianĤ int is given bŷ
Here η is proportional to the χ (3) coefficient. The first and second terms inĤ int are respectively the self and cross phase modulation (SPM and XPM) terms and they are responsible for intensity dependent shifts of the resonant frequencies. The last term is the FWM term which is responsible for the energy exchange between the three modes. The SPM and XPM terms play importants roles in the oscillation process and also in the noise and entanglement properties of the system. To our best knowledge, there existed no full analysis of quantum entanglement in above-threshold χ erature which has taken into account all these properties. This Hamiltonian, together with the non unitary evolution related with losses and the incoming coupled fields into the cavity (vacuum states for the signal and idler fields and a coherent state of frequency Ω p for the pump), leads to the following Heisenberg-Langevin equations of motion for the annihilation operators
where we have replaced operatorsâ j for corresponding slowly varying operatorsâ j →â j e −iΩj t ; j = p, s, i. The Ω j are the frequencies of the carriers which fulfill energy conservation 2Ω p − Ω s − Ω i = 0. The terms ∆ j ≡ ω j − Ω j are the field detunings relative to the cavity resonances. The quantities γ j and µ j represent the rates for the cavity coupling to output modes and for other losses (scattering, absorption etc.). Total losses are given by Γ j = γ j + µ j . As long as the cavity modes have similar field profiles, we can set Γ p = Γ s = Γ i = Γ (and likewise for γ j and µ j ). The operatorsâ in andâ loss correspond to the annihilation operators for incoming and losses modes of the cavity which have zero mean value, except for the incoming pump ( â in p (t) = P in /( Ω p )), and their fluctuations are delta-correlated δâ loss/in † j (t)δâ loss/in k (t ) = δ j,k δ(t − t ). Finally, we have that the incoming, intracavity and output fields are related by the usual beam splitter relationâ out = −â in + √ 2γâ. We proceed by linearizing the quantum fluctuations, a = α+δâ. The mean values â j = α j , satisfy the classical equations of motion which correspond to the substitutionâ → α in (1). Following [13] we solve these classical equations in the steady state by setting α j = A j e iθj and accounting for the real and imaginary parts. Two coupled algebraic equations for the amplitudes A = A s = A i and A p are obtained in terms of the experimentally adjustable parameters, the normalized input pump power
ΩpΓ 3 P in and its detuning ∆ p .
We work with normalized quantities replacing A → Consequences of phase modulation are evident in Fig.  1 . For instance, the intracavity pump field does not have a constant value above threshold, in contrast to the χ (2) scenario [14, 15] depending instead on the incoming power. Exactly on resonance and for perfect phase matching (Fig 1 a and b) , there is no oscillation. This is because when we increase the pump power in order to trigger the oscillation, the phase modulation shifts the mode frequencies out of resonance. It is necessary to pump the resonator with nonzero detuning (even larger than the cavity linewidth) to compensate this effect. In the case of perfect resonance this compensation is done by the phase mismatch (Fig 1 c and d) . For the same reason, our model predicts that for higher values of F 2 the oscillation ceases. In most experiments, however, higher pump powers excite other cavity modes and to the generation of frequency combs. This feature is not predicted in the model given that only three modes are taken into account.
Noise properties are calculated by writing (1) 
where θ i is the mean field phase α i = A i e iθi , the evolu-tion of these fluctuations is given by
with T loss a defined in the same way as T in a but changing γ by µ and where τ = tΓ is the normalized time. The matrix M a is derived from the linearization process and its elements are functions of the field's mean values and the detunings.
As a first step, we treat the pump classically (δâ p → 0) and study only the correlations between the signal and idler fields. The observables of interest are the quadrature operators of each fieldx = (â +â † )/ √ 2 andŷ = −i(â −â † )/ √ 2 referred to as intensity and phase quadratures, which satisfy the commutation relation [x,ŷ] = i.
Equations (3) decouple if we write them in the sum/subtraction basis. Thus, the vector δX pm = {δŷ + , δx + , δŷ − , δx − } T , withx ± = (x s ±x i )/ √ 2 and y ± = (ŷ s ±ŷ i )/ √ 2, fulfills the equation
were M + and M − are 2 × 2 matrices. Next, we calculate the noise spectral density matrix S(ω) as S(ω)δ(ω+ω ) = δX pm (ω)δX pm (ω ) T from which we can extract all the noise and entanglement information. In particular, we can evaluate the Duan inequality [16] to test entanglement between signal and idler fields
The inequality (5) is presented in Fig. 2 for different values of D 3 as a function of F 2 . Negative values of this quantity (i.e. violation of Duan inequality) imply entanglement between signal and idler. Entanglement detected using (5) is highly limited to a small region for high values of F 2 . Here, typical experimental parameters were used, ω/Γ = 1.5 × 10 −2 and γ/Γ = 0.55 which correspond to an analysis frequency of 3 MHz, a bandwidth of 200 MHz, intrinsic and loaded Qs of 10 6 and 450.000, respectively, for λ p = 1561nm.
In contrast to PDC-based OPOs, where the Duan inequality has been proven as an excellent entanglement witness, we observe the effects of phase modulation here. As pointed out by Ferrini et al. [17] , the phase modulation distorts the noise ellipse and thus the strongest correlations are not between the difference of intensitieŝ x − and the sum of the phasesŷ + . Stronger correlations exist among other quadratures to be determined.
We proceed by calculating the Schmidt modes, which provide the best attainable squeezing for the system [17] . The quadratures of theses Schmidt modes (denoted here with the superscript rot) are given by a rotation of the quadratures in the following way
such that the noise spectral density matrix is diagonal. The Duan inequality for testing signal-idler entanglement using the rotated quadrature can be rewritten in terms of the Schmidt mode quadratures as [18] 
The modified Duan inequality is displayed in Fig. 3 , indicating that the parameter region where entanglement is detected increases appreciably and there is only a small region where no entanglement is detected. We note that the rotation for the sum and subtraction quadratures are independent. The subtraction rotation is negligible, |θ − /π| < 10 −5 , but the rotation of the quadrature sum is significant (see figure 4) , providing a better quadrature to detect entanglement. The regions where the left hand side of (7) is bigger coincide with the region of larger rotation of the sum quadrature. In particular, the inequality is not violated for θ + ≈ π/2 which impliesŷ rot + ≈x + i.e. only intensity information is taken into account and, therefore, the inequality must be fulfilled. Next we analyze the three mode system by taking into account the quantum fluctuations of the pump field. Defining the vector δX = {δŷ p , δx p , δŷ + , δx + , δŷ − , δx − }, its linearized equation of motion is given by
In this situation the pump fluctuations couple only to the sum subspace, while the subtraction remains the same as in the previous case. The M matrix is block diagonal
is the matrix coupling the sum and pump modes and M − is the same as in (4) (explicit expressions of these matrices can be found in [19] ). In order to analyze the entanglement between three modes, we use the van Loock-Furusawa criteria [20] . We resort again to the Schmidt modes to find the linear combination which is best to detect entanglement. Schmidt quadraturesξ = {ξ 1 ,ξ 2 ,ξ 3 ,ξ 4 } T are determined bŷ
where U is the Schmidt transformation (unitary) relating the Schmidt modes with the original modes and diagonalizes the noise spectral density matrix. As long as the subtraction fluctuations are not affected by the pump noise, their corresponding Schmidt quadratures are the same as in (6) . In addition to being of higher dimension, the matrix U can also be complex and can not be seen as a geometrical rotation in a 4-dimensional space as in the previous case. In terms of the Schmidt quadratures with lower noise, the van Loock-Furusawa inequalities take the form
where S i,j I and P j I are separability constants which depend on the quadratures ξ i (i = 3, 4, the quadratures with less noise) and x rot − used, the bipartition I in which the inseparability is being tested, and are functions of the matrices in (6) and (8) . Since the system is symmetric on the interchange of the signal and idler field, the separability constants are the same for the bipartitions I 1 = {s|i, p} and I 2 = {i|s, p}. fig. 6 show the l.h.s. of the two inequalities of the form (9) that are violated for the Schmidt quadratures. The violation of the inequality (negative values) plotted in 5 demonstrates entanglement between the system formed by the pump mode on one side and the signal and idler modes on the other side. Given the symmetry of the system, the violation of the inequality plotted in 6 demonstrates inseparability of the signal from the pumpidler modes as well as inseparability of the idler from the pump-signal modes.
In summary, we have provided the first complete theoretical analysis of three-mode correlations in a χ (3) OPO operating above-threshold, taking into account phase modulation effects as well as mode dispersion inherent to on-chip realizations. We predict tripartite pump-signalidler entanglement, as observed in the χ (2) OPO [3] . Onchip generation of continuous-variable multipartite entangled states shall be especially useful for ultrashort distance quantum communications on the scale of future quantum processors.
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